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Known estimates of the maximal length of simple circuits in certain 3connected 
planar graphs are surveyed and improved in several directions. 
1. INTRODUCTION AND STATEMENT OF RESULTS 
This paper is devoted to a study of simple circuits in graphs, in particular 
in planar 3-connected graphs. In order to put the known results (both old 
and new) in better perspective, we introduce several numbers that measure, 
in a certain sense, the size of longest simple circuits in graphs belonging to 
a given family of graphs. Most of the discussion concerns the “shortness 
exponents” defined below; the “shortness coefficients” and “shortness 
indices,” which provide a finer gradation in certain cases, are introduced 
in Section 3. 
For a graph G we shall denote by v(G) the number of vertices of G, 
and by h(G) the maximal length of simple circuits in G. It is well known 
that there are many types of graphs in which h(G) is relatively small in 
comparison to v(G). In the present paper we make a quantitative study of 
this phenomenon. We shall say that a real number u is a shortness exponent 
of a family 9 of graphs provided there exists a real number b and a 
sequence G, of non-isomorphic graphs in g such that h(G,) < b(u(G,))O 
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for all n. We shall denote by ~(3) the greatest lower bound inf 0 of all 
shortness exponents a of the family 3. Equivalently, 
. log NW 
4% = llm lnf log u(G,) , 
with the lim inf taken over all sequences of graphs G, in 9 such that 
u(G,) ---f cc for n --f co. Clearly u(9) < 1 for all non-trivial 3, and the 
interest centers on families 3 with o(B) < 1. 
In the sequel we shall be mainly concerned with the following families, 
all graphs in which are assumed to be 3-connected and planar: 
B(q, r) consists of graphs with the property that each face (country, 
2-cell) has at most q sides, and every vertex is of valence at most r. 
g(= q, r) and 9(q, = r) are the subfamilies of Y(q, r) consisting of 
graphs in which each face is a q-gon, or those all vertices of which have 
valence i-. 
Clearly (s(g(q’, r’)) < u(%(q, r)) for 3 < q ,( q’ < co and 3 < r < 
r’ < co. 
Although the notion of shortness exponents was not used previously, 
there are several results in the literature which may be conveniently 
expressed in such terms. The first of these is due to Grtinbaum and 
Motzkin [I9621 and may be formulated as follows: 
THEOREM A. D(??( co, 3)) < 1 - 2-l’ = .99999... . ’ 
A slight numerical improvement on this result (a < log 162/lag 163 = 
.99878...) was given in Walther [1967]; later Walther [1969a] established 
the following stronger result, which is not only numerically better but also 
solves a problem left open in Grtinbaum and Motzkin [1962]: 
THEOREM B. a(g(21, 3)) < log 26/lag 27 = .98855... . 
Concerning triangulations of the sphere Moon and Moser [I 9631 
(see also Moon [1964]) established: 
THEOREM C. o(g(3, co)) < log 2/lag 3 = .63093... . 
In the present paper we shall improve and supplement those results, 
and obtain a series of estimates of shortness exponents for the families 
introduced above. For sake of completeness and ease of reference we shall 
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list all the known best estimates of shortness exponents; for previously 
known results we quote the source. 
THEOREM 1. (i) a(g(3, 7)) = 1 (Ewald [1972a]). 
(ii) a(Y(3, II)) < log 4/lag 5 = .861353... . 
(iii) u(g(3, 12)) < log 5/lag 7 = .827087... . 
(iv) u(g(3, cc)) < log 2/lag 3 = .630930... (Moon-Moser 
[1963]; a weaker result already in Brown [1961a]). 
THEOREM 2. (i) a(g(4,4)) = 1 (Ewald [1972a]). 
(ii) 0(%(=4, 8)) < log 5/lag 7 = .827087... . 
(iii) o(B(=4, 10)) < log 8/lag 13 = .810714... . 
(Brown [1961b]). 
(iv) u(g( =4, co)) < log 2/lag 3 = .630930... (JucoviC- 
Walther [1972]; a weaker result already in Jucovic’ [1968]). 
THEOREM 3. (i) u(g(=5, 24)) < log 5/lag 7 = .827087... . 
(ii) a(??‘(= 5, co)) < log 2/lag 3 = .630930... (Jucovic’ 
Walther [ 19721). 
THEOREM 4. a(‘3(6, 6)) < log 8/lag 13 = .810714... . 
THEOREM 5. (i) u(%‘(6, =5)) < log Ii/log 17 = .846352... . 
(ii) u(g(6, 5)) < log9/log 15 = .811368... . 
THEOREM 6. (i) u(g(6, 4)) < log 5/lag 7 = .827087... . 
(ii) u(g(24, =4)) < log 26/lag 27 = .988549... . 
(iii) a(g(26, =4)) < log 24/lag 25 = .987318... . 
(iv) u(9(30, =4)) < log 22/lag 23 = .985823... . 
THEOREM 7. (i) u(Y(6, 3)) = 1 (Ewald [1972a]). 
(ii) u(g(12, 3)) < log 26/lag 27 = .988549... . 
(iii) u(Y(13, 3)) < log 24/lag 25 = .987318... . 
(iv) u(9(15, 3)) < log 22/lag 23 = .985823... . 
In Section 2 we shall indicate the proofs of all these results, except for 
the theorems establishing u = I; their proofs may be found in Ewald 
[1972a]. In Section 3 we shall discuss some related results, open problems, 
conjectures, and generalizations. 
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2. PROOFS OF THE THEOREMS 
All the proofs we shall present are based on inductive constructions of 
sequences G, (n = 0, 1, 2,...) of graphs with the deisred shortness 
exponents. In each case, the graphs G,+r are obtained by replacing certain 
parts of G, by new graphs of a suitable type. To simplify the notation 
we shall put v, = P(G,) and h, = h(G,). 
In case of Theorem 1 the construction is very simple. For part (iv), 
we denote by G, the graph of Figure 1. In G, and in all other G, there are 
some “light” vertices and some “dark” ones; each dark vertex is adjacent 
to light vertices only, so that in any simple path any two dark vertices are 
separated by light ones. 
\ / /I ‘\ \ \ 
A 
// \ / \ 1’ \ \ \ ------___ 
FIG. 1. Graphs used in the proof of Theorem l(hl). 
To obtain Gn+r from the graph G, , 12 > 0, we delete from G, all the 
dark vertices (and the edges incident with them) and place into each of the 
triangles thus vacated a copy of the graph H shown in Figure 1; in this 
we identify the three outer vertices of H with the three light neighbors of 
a deleted dark vertex. (Here and in later constructions the smaller circles 
and the dashed lines indicate vertices and edges already present in G, .) 
Thus each dark vertex of G, is replaced by a subgraph of G,+l consisting 
of one light vertex and three dark ones. As is easily verified, we have 
v() = 8, Q = 4 + 4 . 4 = 20, L!~ = 56, and generally, for n >, 0, 
0, = 2 + 2 3”fl. Since all the dark vertices of G, are eliminated in the 
formation of G,+r , it is easy to check that G, contains 4 . 3” dark vertices. 
On the other hand, each simple circuit in G,+l intersects the interior of 
each copy of H in a single arc containing at most 2 of the dark vertices (and 
the light one). It follows that h, = 4 + 4 = 8, h, = 4 + 4(1 + 2) = 16, 
h,=4+4(1+2(1+2))=32,andgenerallyh,=4+4(l+2+~~~+2”)=2”+3. 
Therefore it is easily checked that h, < bono with 0 = log 2/lag 3 and 
b = 2. This completes the proof of Theorem l(iv), since it is obvious that 
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all G, belong to g(3, co). (The same graphs G, were constructed by 
Moon-Moser [ 19631 using a somewhat different explanation.) 
The proof of Theorem l(iii) follows the same pattern, using the graphs 
G, and H shown in Figure 2. The computation yields for this case 
v, = -2 + 16 . 7’” and h, = -3 + 15 . 5’“. Therefore h, < bun0 with 
u = log 5/lag 7 and b = 16. Moreover, all the graphs G, obtained in this 
construction belong to g(3, 12). Indeed, all the faces are obviously 
triangles, all the dark vertices are 3-valent, while it is easily seen by 
induction that each light vertex is of one of the following types: (a) neigh- 
boring to 12 light vertices; (b) neighboring to 6 light and 3 dark vertices; 
(c) neighboring to 4 light and 4 dark vertices. This completes the proof of 
Theorem 1 (iii). 
To establish Theorem l(ii) we proceed similarly, but slightly more 
cautiously. The graphs G, and H are shown in Figure 3. In the formation 
FIG. 2. Graphs used in the proof of Theorem l(iii). 
FIGURE 3 
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of GM from G, the orientation of each copy of H that is introduced is 
important. The suitable orientations of the vertices 0, 1, 2 of H are 
indicated near the three edges of each dark vertex that is to be replaced 
by a copy of H at the next stage. An elementary computation shows that 
v, = -7 + 18 9 5” and 
thus completing the proof of Theorem 1. 
In order to prove Theorem 2(ii) we use in a similar fashion the graphs G, 
and H shown in Figure 4. The graph G,+r results from G, on replacing 
each dark vertex of G, by a copy of H, the three “outer” light vertices of H 
coinciding with the three light neighbors of the dark vertex H replaces. 
An easy computation shows that 
v?l = -2 + 16 3 7” and h, = -3 + 15.5”, 
so that (T < log 5/lag 7; since each G, is obviously in 3(=4, S), this 
completes the proof of Theorem 2(ii). The proof of Theorem 2(iii) proceeds 
in complete analogy, using the graphs G, and H shown in Figure 5; in this 
case v, = (-3 + 49 . 13”)/2 and h, = (-18 + 144. 8”)/7. 
Before continuing with the proofs of the remaining theorems we recall 
(see, for example, Ore [1967, p. 461) that, if G is a 3-connected planar graph, 
then the radial graph R(G) of G is a bipartite planar graph, one kind of 
vertices of R(G) coinciding with those of G and the other corresponding 
to the faces of G; two vertices of R(G) are connected by an edge of R(G) 
if and only if one of them corresponds to a face of G and the other to a 
vertex of that face. For example, the graph G, in Figure 4 is the radial 
graph of the graph of the octahedron, the vertices of which coincide with 
the light vertices of G, . 
FIGURE 4 
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H 
FIGURE 5 
The proof of Theorem 2(iv) follows at once by considering the radial 
graphs of the graphs G, constructed in the proof of Theorem l(iv). 
In order to prove Theorems 3(i) and 3(ii) it is sufficient to subdivide 
each triangle in the graphs G, constructed in the proofs of Theorems l(iii) 
and l(iv) into 15 pentagons as indicated by the graph in Figure 6. 
For the proof of Theorem 4 we construct the graphs G, needed by 
starting with the graph G, of Figure 4 and using copies of the graph H 
shown in Figure 7. At each stage, the three “outer” vertices of each copy 
of H are to be identified with the three neighbors of the dark vertex 
replaced by H. The assertion that all G, belong to 9(6, 6) is easily verified 
from the construction. 
FIGURE 6 
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FIGURE I 
FIGURE 8 
The proof of Theorem 5(i) follows a similar course, but proceeds in 
two stages. We first construct a sequence K, , n = 0, 1, 2,..., of graphs; 
K, is the graph of the tetrahedron (the complete graph with four nodes), 
all four vertices of which are taken as dark. To construct Kn+l we replace 
each dark vertex of K, by a copy of the graph H of Figure 8; therefore all 
light vertices of K, are 5-valent, all dark ones are 3-valent. The graph G, 
is formed by replacing in K,, each dark vertex by a copy of the graph L of 
Figure 9. Thus each G, is in g(6, =5), v, = (-7 + 127 . 17”)/2, 
A, = (-28 + 328 . 11”)/5, and Theorem 5(i) is established. 
FIGURE 9 
--% 
H 
FIGURE 10 
FIGURE 11 
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Theorem 5(ii) follows by paralleling the pattern of proof of Theorem 1. 
For G, we take the graph of the tetrahedron, with all four vertices dark. 
Replacing each dark vertex of G, by a copy of the graph H of Figure 10 
yields the graph G,+l. 
For the proof of Theorem 6(i) we take the graph G, shown in Figure 4 
and form G 12+1 by replacing each dark vertex of G, by a copy of the graph H 
shown in Figure 11. 
T(G) 
FIGURE 12 
FIGURE 13 
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The graphs T, = T(G,) needed to prove Theorems 6(ii), 6(iii), and 6(iv) 
are derived from the graphs G, constructed in the proofs of Theorems 7(ii), 
7(iii), and 7(iv) by the following method (see, for example, Walther 
[ 1969b]): Each graph G is first replaced by its medial graph M(G) (compare 
Ore [1967, page 47]), the vertices of which correspond to the edges of G, 
two vertices of M(G) being connected by an edge if and only if the corre- 
sponding edges of G had a common vertex and belonged to a common face. 
Some of the faces of M(G) correspond to faces of G, other faces of M(G) 
correspond to vertices of G. To obtain T(G) each (triangular) face of the 
latter type is subdivided into 4 triangles. (See Figure 12.) It is easily checked 
that for each simple circuit of length h in T(G,) there exists in G, a simple 
circuit of length at least h/6, which establishes our assertions. 
The proofs of parts (ii), (iii), and (iv) of Theorem 7 start with the graph 
of the tetrahedron, with all four vertices dark, as G, . Each graph G,&+, is 
constructed by replacing in G, each dark vertex by a graph H; for 
Theorem 7(iv) the graph His shown in Figure 13, for 7(iii) in Figure 14, 
and for 7(ii) in Figure 15. The crucial step in the proof is the following 
property of H, which we shall establish later: 
(*) Every simple circuit which enters Hand leaves it again misses at least 
one dark vertex of H. 
FIGURE 14 
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H 
FIGURE 15 
Property (.*) is sufficient to prove in each case the numerical estimates 
for the shortness exponents by a simple computation. It is also easy to 
establish that the graphs constructed belong to the requisite class %(12, 3), 
g(13, 3), or 9(15, 3). Indeed, since the number of sides of each face 
increases only if it contains dark vertices in its boundary, it follows from 
the structure of H that for each face the increase occurs only once, adding 2 
new sides for every dark vertex. The number of sides (if at least 10) which 
each face of H will have at the next stage (and hence ultimately) is 
indicated in Figures 13, 14, 15, and each of those numbers is seen to be at 
most 15, 13, or 12, respectively. 
In order to show that the graphs H have property (*), we first observe 
that in the graph shown in Figure 16 every simple circuit that contains 
the six dark vertices fails to contain at least one of the edges A’B’ and 
A”#‘. Next we note (see Tutte [1946]) that in each of the graphs of 
Figure 17 every simple circuit that contains all the dark vertices contains 
also the edge AB. We replace now in the graph of Figure 16 each of the 
vertices A’ and A” by a copy of the graph obtanied from Figure 17 by 
deleting the vertex A, and connecting in one copy B to B’, C to c’, and D 
to D’ and in the other B to B”, C to C”, and D to D”. In Figure 18 we show 
the resulting graph obtained from Figure 17a; it has, by the above, the 
property that every simple circuit in it misses at least one of the dark 
vertices; similar graphs result from Figures 17b and 17~. (This reasoning 
376 GRijNBAUM AND WALTHER 
FIGURE 16 
(bi 
FIGURE 17 
Cc) 
essentially coincides with the arguments in Tutte [1946], BosAk [1967], 
Lederberg [ 19671, and Walther [1969a].) 
The last observation we need is the following fact. Let G’ and G” be 
related in such a way that G” results from G’ by replacing the single 
vertex P’ (Figure 19a) by the three vertices P”, Q”, R” (Figure 19b), or by 
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FICURF 18 
fC) Cd) 
FIGURE 19 
the more complicated graphs of Figures 19c and 19d. Then to each 
simple circuit C’ in G’ that contains P’ there corresponds in G” a circuit C” 
containing P” and coinciding with C’ outside the subgraph shown. Also, 
for every circuit C” (different from P”Q”R”) containing P” in G” there is a 
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circuit C’ in G’ containing P’ and coinciding with C” outside the shown 
subgraph. By applying such changes to each of the ten vertices marked by 
asterisks in the graph of Figure 18, we obtain a graph H,, which has the 
property that each of its simple circuits misses at least one of its dark 
vertices. Opening the graph H,, at its vertex E yields the graph H of 
Figure 13, which therefore has property (*). This completes the proof of 
Theorem 7(iv). Similar constructions with the graphs of Figures 9b and 9c 
yield the graphs of Figures 14 and 15, which therefore also have 
property (*). 
This completes the proof of Theorem 7. 
3. REMARKS 
(1) The methods used in the proofs of the above theorems could be 
modified easily to yield a number of related results. For example, the 
theorems would remain valid if “shortness exponents” were interpreted 
as refering to simple paths instead of simple circuits. Without affecting 
the results, one could also insist that the sequence G, contain graphs with 
all numbers of vertices compatible with membership in 9(q, r) (such as 
evenness of u for graphs in g(co, 3)). 
On the other hand, our methods do not yield the Theorems l(i), 2(i), 
and 7(i) due to Ewald [1972a], the proofs of which require the construction 
of long simple circuits. 
(2) The gaps between the various parts of our results and those of 
Ewald [1972a] are rather frustrating. We believe that in all those cases and 
in some others the shortness exponents equal 1; more precisely, we state: 
CONJECTURE 1. 
0(9(3, 10)) = a(Y(4, 7)) = a(3(5, 5)) = a(9(11, 3)) = 1. 
We do not have any reasonable guess as to how high an r still yields 
0(9(5, r)) = 1. 
(3) Except for the cases 0 = 1, all the results known on shortness 
exponents give only upper bounds. We believe that for families of the type 
9(q, r) the least shortness exponent is the one given by Theorem I(iv) 
due to Moon and Moser [1963], and we formulate: 
CONJECTURE 2. For each pair (q, r) with 3 < q, r < ~0 we have 
a(g(q, r)) > log 2/lag 3. Equality holds ifand onIy r = co. 
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The gap in our knowledge concerning shortness exponents is probably 
best demonstrated by contrasting Conjecture 2 with the best results 
available on lower bounds for h(G). Barnette [1966] proved that 
h(G) 3 2 Q’(log, u(G)) - 5 
for every 3-connected planar graph G, and that G E g(co, 3) implies 
h(G) 3 (2 log, u(G)) - 6. 
Similar are the results known about the maximal length h*(G) of simple 
paths in G. Moon and Moser [I9631 established 
h*(G) 3 log, 4G>/logz log, u(G) 
for all G E ~(co, co), while Dirac [1952] proved that for each k > 3 there 
exists b, such that 
h*(G) >, b, log z;(G) 
for all G E g(co, k). Those results were improved by Barnette [1966]; 
he established 
h*(G) 3 (2 log, v(G)) - 5 
for G E %(co, co) and 
h*(G) 2 (3 log, v(G)) - 10 
for G E %(co, 3). 
(4) It is not known whether the greatest lower bounds appearing in the 
definition of ~(9) are attained bounds, even for most families 9 = LY(~, r). 
The only affirmative results are those of Ewald [1972a], who established 
that the bounds o(%(q, r)) = 1 in Theorems I(i), 2(i), and 7(i) are 
attained. We venture the more general: 
CONJECTURE 3. For euery pair q, r with 3 < q. r < co the number 
a(%(q, r)) is a shortness exponent of %(q, r). 
(5) For families 3 with attained u(g) = I it is meaningful to consider 
the “shortness coefficients” of 9. We say that p > 0 is a shortness 
coeficient of a family 9 of graphs provided there exists a real c and a 
sequence G, of graphs in 9 such that h(G,) < pr(G,J + c for all 12. We 
define p(9) as the greatest lower bound inf p of all shortness coefficients 
of the family 3. 
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The results of Ewald [1972a] imply the positivity of p(9(3, 7)), p(9(4, 4)), 
and p(g(6, 3)); in particular, he establishes that p(Y(4, 4)) = 1 and is an 
attained greatest lower bound. In analogy to Conjecture 3 we believe that 
p(9(q, v)) is a shortness coefficient for all families ??(q, r). 
For certain families 9 with p(g) = 1 it is meaningful to inquire about 
their shortness index ~(3) defined by ~(9) = sup(u(G) - h(G) 1 G E S>. 
Obviously T(G)) = 0 means that the family 9 is Hamiltonian, i.e., every 
G E 9 has a Hamiltonian circuit. It is not hard to show that 
~(%(4, -4)) = 0. On the other hand, Ewald [1972a] showed that 
2 < 7(9(4, 4)) < 8, and Ewald [1972b] established that 7(3(3, 6)) = 0. 
An example of Grinberg [1968] (see also Griinbaum [1970, Figure 21) 
shows that 7(Y(8, 3)) > 0. We conjecture that 7(3(8, 3)) = 1 and 
7(3(7, 3)) = 0. In connection with the latter conjecture it should be 
stressed that ~(‘3) = 0 has not been established so far even for the family 3 
of the graphs in g(6, 3) which contain only 4 triangles (besides hexagons), 
although the structure of such graphs has been completely determined 
(Grtinbaum and Motzkin [ 19631). 
(6) It would probably be worth while to investigate families of planar 
graphs, different from the families 3(q, r), with respect to their shortness 
exponents, coefficients, and indices. Among the results known we recall 
the following: Whitney [1931] proved that T(g) = 0 for the family 9 of 
4-connected members of Y(3, co). (This result has frequently been mis- 
understood, and sometimes even misquoted in the literature: see, for 
example, Saaty [1972].) Strengthening Whitney’s result, Tutte [1956] 
proved that T(g) = 0 for the family 9 of all 4-connected planar graphs 
(a proof of this result may be found also in Ore [1967, Chapter 51). 
We denote by V(k) the subfamily of %( co, 3) consisting of all cyclically- 
k-connected graphs. Tutte [I9601 proved that 7(%(d)) > 0 and Walther 
[I9651 established that even T@(5)) > 0. For details of those results, 
and for references to the very abundant literature on the topic see 
Griinbaum [1970, Section 1.41. 
It is not hard to construct examples showing that p@(4)) < 1; using 
the methods of Walther [I9661 it may be shown that even r@(5)) < 1. 
Beyond that we have only 
CONJECTURE 4. p@(4)) > 0. 
(7) Much effort has been devoted to the problem of determining h, , 
the least number of vertices for which there exists a non-Hamiltonian 
member of g(co, 3). It is known that h, >, 24 (Butler [1972], extending 
earlier results of Lederberg [1967]); on the other hand, various graphs 
showing that h, < 38 have been found by D. W. Barnette (see Griinbaum 
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[1967, p. 361]), Bosak [1967], and Lederberg [1967]. According to a 
private communication from Professor J. Bosak there exist at least six 
non-isomorphic non-Hamiltonian graphs in Y(co, 3), each having 38 
vertices; three of these graphs even belong to 9(8, 3), while another may 
be obtained by deleting from the graph of Figure 18 the vertex E and its 
three neighbors, and identifying the three vertices marked F. We make 
CONJECTURE 5. h, = 38. 
Support for this conjecture may be found in recent work of Butler [ 19721. 
Concerning other results about non-Hamiltonian planar graphs with few 
vertices see Steinitz [1922, p. 491, Reynolds [1932], Barnette and JucoviE 
[1970], Faulkner [1971], and Goodey [1972]. 
(8) The notions of shortness exponents, coefficients, and indices may 
clearly be extended to (and investigated for) various other families of 
graphs-not necessarily planar or 3-connected. For graphs which are 
2-cell embedded in a 2-manifold (orientable, or non-orientable) of genus g, 
we may define the analog gg+(q, r) and gg-(q, r) of the families Y(q, r). 
Many of the results mentioned above for various families 9(q, r) have 
easy extensions to the families gs+(q, r) and CC?-(q, r). Other related 
results concerning circuits in such graphs may be found in Ewald [1972a] 
and Altshuler [1972]. It should be noted, however, that the question 
whether 7(g1+(=6, 3)) = 0 is still open. On the other hand 7(8,-(6, 3)) > 
7(Y1-(5, 3)) > 1, as is easily seen from the graph of Figure 20 (which has 
only 10 vertices and is an imbedding of the Petersen graph in the projective 
plane). 
(9) The 3-connected planar graphs considered in this paper could have 
been described as isomorphic to the graphs of vertices and edges of convex 
FIGURE 20 
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3-polytopes (that is, polyhedra of dimension 3); for simple proofs of this 
theorem of Steinitz [I9221 see Griinbaum [1967, Section 13. l] and 
Barnette and Griinbaum [1969]. That observation immediately leads to 
a number of generalizations of the problems considered above. For 
example, what can be said concerning shortness exponents of graphs of 
convex d-polytopes, or of some special classes of such polytopes ? Some 
results concerning the higher-dimensional case may be found in Griinbaum 
and Motzkin [1962], Moon and Moser [1963], and Moon [ 19641; some 
open problems and references to the literature on related questions may be 
found in Section 1.4 of Grtinbaum [1970]. A number of interesting new 
results have been obtained by Rosenfeld and Barnette [1972]. 
Interpreting simple circuits as l-dimensional spheres or manifolds, one 
is naturally led to questions of the following type: Which proportion of 
vertices (or of faces of a specified higher dimension) of a convex d-polytope 
may be included in a k-dimensional sphere (or in any k-manifold) com- 
posed of faces of the polytope ? For results in this direction see 
Barnette [1969], Altshuler [1971], and Ewald [1972b]. 
It should be mentioned that families of graphs with shortness exponents 
CT < 1 (and the related result of Barnette [1969]) play a surprising role in 
questions of existence of certain types of higher-dimensional convex 
polytopes (see Perles and Shephard [1967]). 
(10) Another direction of related investigations concerns the shortness 
exponents of the family &?(k, m) of all k-connected graphs regular of 
valence m, where m > k > 3. It is known (see Lang and Walther [1968] 
and Voss and Walther [1972]) that o(.%‘(k, nr)) < log k/log(m - 1) if k is 
odd and FH is even, while o(9(k, m)) ,< log& - l)/log(nz - 1) in all other 
cases. 
(11) It is easily imagined how to modify the definitions of the shortness 
exponents, coefficients, and indices to accommodate other phenomena 
studied in graph theory, and provide for their quantification. We mention 
only a few examples: 
Solving a problem posed in Griinbaum and Motzkin [1962], Barnette 
[1966] proved that every 3-connected planar graph (that is, graph of 
any 3-polytope) has a spanning tree of maximal valence 3, but that for 
each d 2 4 and k > 4 there exist graphs of d-polytopes which have no 
spanning trees of maximal valence k. Denoting by t,(G) the maximal 
number of vertices covered by a tree contained in G and having maximal 
valence k one may extend Barnette’s investigations by inquiring about 
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w,hen G varies over the graphs of all d-polytopes, or over a suitable 
subfamily. 
Similarly, one may inquire about the maximal size of independent sets 
of vertices in various families of graphs; a weakening of the four-color 
problem recently raised by P. ErdGs (see Berge [1970, p. 2691) may be 
formulated in the form: IS the “independence coefficient” of the family 
g(3, co) at least l/4 ? 
Extending previously known results, JucoviE [1972] established the 
existence of 3-polytopes such that, for every isomorphic 3-polytope and 
for every sphere, a sizable fraction of the vertices is not on the sphere. 
His rather surprising result may be formulated as asserting that the 
“cosphericity coefficient” of 3-polytopes is at most l/2. 
The number of such notions and examples could clearly be increased 
almost at will. It is our hope that the systematic comparison of results on 
different problems may inspire additional research in this attractive part of 
combinatorics and geometry. 
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